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Abstract For a framework to automatically generate robot motion to execute various tasks, the Learning

from Observation (LFO) paradigm has recently been proposed. In this paradigm, a robot system observes and

recognizes a demonstration of a task, builds an abstract representation of the task, and finally generates robot

motion which consists of repetitions of movement primitives. Movement primitives are essential operations to

realize the situation corresponding to the abstract representation. Here, the key to the successful implementation

depends on the representation of the target task and the definition of sufficient movement primitives.

The target tasks of this paper are everyday manipulation tasks including an assembly task and manipulation

of linkages which are connected by a joint.

In assembly tasks, a contact relation between the two objects is employed as the abstract representation.

Because of overcoming the difficulty to deal with numerous kinds of contact relations, we define a Motion

Degree of Freedom (DOF), which is an index that represents the quality of possible local displacement of an

object in each contact relation and define sufficient movement primitives in advance using Motion DOFs.

Next, we propose a method to deal with manipulation of linkages which are connected by a revolute joint.

Considering the task of rotating a doorknob, which is connected to a door by a revolute joint, it is possible to

rotate the knob, if one knows the axis direction and the center of rotation (parameters of the joint). Therefore,

we propose a method to estimate the parameters from noise-contaminated observation.

Keywords Learning From Observation, Assembly Tasks, Manipulation of Linkages
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���
(6)
��@NOF����

(
H=�S�vw�

�
)
��������� W D"��, 3 −Rank(G)@�
(7)
���&¡W D"!�.�(7)
��@01

���NOF����� W D"��,q8S�3−
Rank(G) = mr + dr1

�M�����
.

⋂

i

Gi · S0 = 0 (7)

�

��
6

dr2 = dr − dr1,
�¢D

dr2
@stuII��vw���A��.
���£

.

�
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[21]
�S�%

,-3�'(2��noYp(±B,lmFnoYp%²³(�
)
W6́% 

,µ¶3v·�+,D
∃i, M(i) 6= 1
%F��̧

,
����W¹F�º�

»¼R���¼A (q%@A F!
.



q�STF)*
,
q8L�lmFnoYp�+,DF
!��%D"��(�q%�(�

.
�7�

,
�

(8)
��

D"�7A���W��(�
.
�¢Dq�)*

,
I8�

8�����q%W
,�M%UVD"lmH=,lmvw

,
lmPQ���%��.

⋂

{i|M(i)=1}

Fi · S1 + (Pi × Fi) · S0 ≥ 0 (8)

GF9�,lmno	
A@H=,vw,PQ���@0A��%(�
.
7�

,�lmno	
A@lmH=,lmvw
,
lmPQ���@0A��%(�. Ikeuchi
%

Suehiro[2]
�S���A@

,
lmno	
@£'��
�8"!F!

.

2.3��������
q��A@

,����9�"��W��(��� 3F!�u"#$%&
('&()*%��)WJKD,+'r8��9�"�����(�'&()*��W,-(�1���!"³.�

.

Ikeuchi
%

Suehiro[2]
@

,/0H=,/0vw,/0PQ����1!�S�
,
(."�·no	
W

10jk�3kA �q%W'D�
.
ID"

,
I�

10jk�no	
�5�
, 13jkDENOF23�F!q%W'D

, 13jk�23W4?�5.�q%�S�,�9�"�����W�6"!�.77
,89@/0�S���������H=,vw,
PQ����1!�S�,(."��lmno	
W3kDST%:9�

.
DED

138jk��6��̧,I�5�NOF23W(."5.�q%@�;A@F!
%<=>��

.
IqA?=@A@

,
no	
�23�A

!
,
I8L����

(±BC!���%²³(�)�T
G�!78E�DED,!78E�FG(�q%�HID

,
I�JKW�!"�9�"�����W�T1�W��(�

.

2.3.1LM���NOPNQR
JKS�

,/0�S�������6jk�C!����S@M�CJ,�7�3A��.�7�,��C!����DE(8T
,
X7V�C!����FG(�
q%�F�

.
q�DE

,
FGD�C!����jk�HI(�%

,U2A6jk�C!���V+,(��A,
6P2 = 30jk��9*�WV+,(�.q�DE,FG�q%WC!���23%��

. A
���EL

B
�

��X�C!���23%@, A
���V

1
FGD

, B���V
1
DE(�no	
23�q%W�Y(�

.Z=�@
,
(."�

30jk�C!���23@[q\$�V
,
?=@�I@

,]5��9�"���̂_A�\
, 30jk�23�TG;̀�a�(����9W�b%(�

.�M��9�"��A@a�DF!,c\de. 23�fg@±h�2jkA��:
•
lmFnoWH=D�77<=>?W!E(q%�S\a�(�

6jk�C!���23

-4:
H=���ELPQ���X

ijklmjklkln

opmjqrkln

stlumvjklkln

wklnxyjv
zjklmjklkln
wklnxyjv{pmjqrkln

wklnxyjv
qtlumvjklkln
|svkmkqjy}vjlukmktl|wx~�w�kyy

-5:�M��9�"��A�8�C!���23

•
H=

, (
lm

)PQ���5�4jk�C!���23
:;Wc\deZ�@

,89]5�%6"�lmFnoWH=D�77<=>?W!E(q%V��A��ELA��
.B;Wc\deZ�@,�$TH=���ELPQ���X�23@,-4�'(2��no	
5W��C!�S\�n23D�)*DEa�W7,q�STF23�;�V��A��ELA��

.:;S\
,
lmH=

,
lmvw

,
lmPQ5�6��23V

,B;S\,H=↔PQ,H=↔lmPQ5�
4
��23Vc\dE�

.
<�%D"

,�M��9�"��A@-5�'(20jk�23DE�8F!q%�F�
.

2.3.2LM�����N��
no	
V23(��5�<=>?����1�%C!���23���(����1�%����S\

,q8L�
20jk�C!���23@,&�'(2jk�3k(�q%VA �

: 1
�@

,
H=���

↔
vw

���
,
H=���

↔
lmH=���

,
H=���

↔lmvw����
6
�A��

.
q�)*

, 2
��1�@

C�D"!�.89@,q�C!���23W� [q(<=>?�!�W,�9�"!�����XYRN�F!�Yp%9FD
,'&()*%JK(�.�T

1
�@

,�\(."�14jk�C!���23A��
.
�G��,q�)*2��1�@C�D"!F!

.
q8L@

,
;�����V�9�"���0����ST���(�EW��(�����A��

.
l�

,;�����V�9�"���0����F��W $�23W
, critical transition
%JK(�

.
@¡̧�

,

'&()*%D"��STF��V��E��!"²
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H=���ELvw���X

��������� �!� ��"�

#$%%&'( #$%%&'(

)*+,%%-,'. )*+,%%-,'.��������"� ��"�

-7:
H=���ELlmH=���X

³D
,&���STF23Vcritical transition
A��

E��!"²³(�
.

2.4
/0123
�

2.4
EL

6
�-A@, 45�S�65�>?@I8�8<=, 78>?W (��%(�.

2.4.1 9:���;<}~���=

-6�>?�,/0H=���EL/0vw���X�C!���23W� [q(!���W'(.q�
�A@, @A1����(q8@!�1��C�(�)V

,
H=��ELvw����B(�

.
<�%D"

,
q

�!�@:³�C!���23W� [q(
.89@q�!�W/0� C"'&()*%JK(�.

-6�DE�S�Dh�,��H=���ELstu
I
�S�stuII��vw���X�C!���23W� [q(!���W'(.q��A@, F·G���\���(q8@!�1��C�(�)V,H=��ELvw����B(�

.
<�%D"

,
q�!�@:

³�C!���23W� [q(
.89@q8L�!�WstuI�S�stuII��� C"'&()*%JK(�

.GF9�,-�Dh��A@, G�1���!"
,/0vw���EL/0PQ���X�C!���23VH��a�D"!�

.q8L�'&()*@,23:�no	
WH=DFVLI� C�\JnoYp�no(�7A<=>?W!E(q%A;�A �
.
q�KL@;M�N�

��
.

2.4.2 9:���;<¤¥9:���=

-7�>?�,/0H=���EL/0lmH=���X�C!���23W� [q(!���W'(.

OPQQRST UVWXYVZX

U[\WQQVWS]

-8:
H=���ELlmvw���X

_̀̂abcdbef̀ab̀gfhèàgef

ijklmm

ijklm

_̀̂abcdbef̀ab̀gf̀hafnoàgef

-9:
vw���ELH=���X

q��A@, @A1���!",I�C!���23Va�D"!�
.89@q�!�W/0(.LD'&()*%JK(�

.GF9�, G�1���!",/0vw���EL/0lmH=���X�C!���23VH��a�D"!�
.

-7�D?�,��H=���EL��lmH=���X�C!���23W� [q(!���W'(.q��A@,F·G���\��!"I�C!���23Va�D"!�
.89@q�!�W��(.LD'&()*%JK(�

.GF9�, @A,
G�1���!

"
,/0vw���EL/0lmH=���X�C!���23VH��a�D"!�

.
� C"'&()*%pqD",23B�no	
�@I� C�\JnoYpVF!

.
I�E�\

,
q�C

!���23@
,
M�/0vw���EL/0lmH=���X�23WAT.<�%D",q8L�'&()*@

,
no	
WH=DFVLIr$JnoYpVFe
F�7A!E(q%A;�A �

.

2.4.3 9:���;<¤¥}~���=

-8�,/0H=���EL/0lmvw���X�C!���23W� [q(!���W'(.q�
�A@, @A1���!",I�C!���23Va�D"!�

.
q�!�@

,/0� C"!���/0(.LD!���s"!�
.
;̀�

,
23:�no	
�@

Ir$JnoYpV678"!�D
,
23B�no	
�@I� C\JnoYpV678"!�

.89@q�STFC!���23W� [q(!�W
,/0� C"'&()*At�(�, u7\v�F'&()*@JKDF!

.

���)*�Hw�,��H=���EL��lmvw���X�C!���23W� [q(!�W,��
u C"'&()*At�(�.
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lmH=���ELPQ���X

2.4.4�N�NLM�����

-9�>?(
D?

)
�

,/0(��)vw���EL/0
(��)H=���X�C!���23W� [q(!���W'(.I8�8�!�@/0(��)u C"!����!�A��

.89@q8L�!�W/0
(��)u �D!�%JK(�.DED,�9�"��@H=���VGFeF�1��0�(���V���̧

,
q8L�!�@̧6���8�q%@F!.7�

,/0(��)lmvw���EL/0(��)H=���X�C!���23W� [q(!�@,/0(��
)u �D!�At�(�q%�(�.�G��q8L�!��̧6���8�q%@F!.
-10
�

,
lmH=���ELELH=���X�C
!���23W� [q(!���W'(.q�!�@(.LD!����!�A��

.
q�!�@

,
I�&�	
�3��̧�!��C2%�F(q%VA ��̧

,
v�F'&()*@JKDF!.

2.5 Critical Transitions

2.5.1¤¥9:���;<�����=

-11
�

,
lmH=���ELPQ���X�C!���23WATno	
23��W'(.q��A@,

@A1�%F·G���\��!",:³�C!���23Va�D"!�
.q�STFC!���23WATno	
23A@

,

<=>?@�!I�\�JW�\��"&�no	
X23DF�8TFLF!�̧,C!���23��(���1���!" !F�"#$%&WXY%(�
.S6",q�23@critical transition
A��

.
q8@

,

[25]
��!"

critical dimension
%JKr8"!���

���D
,
IqA@'()**+%,-./��S\�
"#$%&W�6"!�.

2.5.2¤¥}~���;<�����=

-12
�

,
lmvw���ELPQ���X�C!���23WATno	
23��W'(.q��A@,

@A1�%F·G���\��!",:³�C!���

-12:
lmvw���ELPQ���X

-13:
lmH=���ELvw���X

23Va�D"!�
.q�)*�

,&�no	
�23(��̧�@,C!���23��(���1���!" !F�"#$
%&WXY%(��̧

,
q�23@

critical transitionA��
.
DEDq�)*

,
23:�<=>?@,I���1���!"C1��DE!�F!�̧,�"#$%&@pq0¹A��

.

2.5.3¤¥9:���;<}~���=

-13
�

,
lmH=���ELvw���X�C!�
��23WATno	
23��W'(.�DE�,lmno	
W;�(�q%@�D!V

,
q�)*

,
;���1G���Va�D�%D"�&�	
X23(�q%VA �

.
S6",q�23@critical transitionA@F!

.

2.5.4¤¥}~���↔}~���«23¤¥�����
↔
�����

-14
�

,
lmvw���%vw����5�C!�
��23WATno	
23��W'(.I�C!���23��(�1���!"

,<=>?@23:BA
C1��DE!EWF!�̧,��@̧6��a�DF!

.
S6",q�23@critical transition
A@F!

.
H

w�lmPQ���%PQ����5�C!���23WATno	
23�
critical transition
A@F!

.

2.5.5�N�NLM�����

-15
�

,
vw���ELPQ���X�C!���23WATno	
23��W'(.q�C!���23@

,stuII��u �"'&()*W;�(��̀a�(�
.
q�C!���23��(�1���
!"

,
23:

,<=>?@C1��DE!EWF!�̧,��@̧6��a�DF!.S6",q�23@critical

transition
A@F!

.

-16
�

,&�'(C!���23WATno	
23��W'(:



���������	
������ 	
������

-14:
lmvw���%vw����5�C!���
23

-15:
vw���ELPQ���X

(a)PQ���ELlmH=���X

(b)PQ���ELlmvw���X

(c)
vw���ELlmH=���X
q�C!���23@

,
(.LD'&()*W;�(�̀�a�(�

. 1
�I%

2
�I�C!���23��
(�1���!"

,
23:

,<=>?@Ue��(�q%VA F!
, u7\��@Uea�DF!.S6",q�23@

critical transition
A@F!

. 3
�I�C!

���23��(�1���!"
,
23:

,<=>?@
C1��DE��(�q%VAF!�A,��@̧6��a�DF!

.
S6",q�23@critical transitionA@F!

.

2.6
/0123�����

, ���critical

transition
���

'&()*�JKEL,I��\���1�@±h�ST�F�%#$L8�
:

•/0(��)H=���EL/0(��)vw���E/0(��)lmvw���X�C!���23Va�D�% 
,/0(��)u C"'&()*W�\���

.

•/0(��)vw���E/0(��)lmvw���EL
,/0(��)H=���X�C!���23Va�D�% 

,/0(��)u �D'&()*W�\���
.

•/0(��)H=���EL/0(��)lmH=���X�C!���23Va�D�% ,/0(��
)
(.LD'&()*W�\���.

1, 2
�I�*,*@ D!V, 3

�I�*,*@ De
F!

.
lmno	
�������0�BVq�<�
W� [qD�%#$L8�

.

���� !"#$�%!%!&'()# *�%!#�%!%!&'()�+�� !"#$�%!%!&'()# "%!&,-�$./#�01%!&'()�0�'/#�01%!&'()# "%!&,-�$*�%!#�%!%!&'()

23456789:5:;8

-16:
(.LD'&()*�A6"a�(�C!���23

-17: True singular maintaining DOF or not

�$T,-17
�'(A�F<-

<no
(
lmno	


A��
)
�u!"#$�./0lmH=���@3A���A

,���/0��@H¡KLW=uq%V=>r8�
.
<�?6�/0��@no	
WH=D@�L8����D

,
<�G�F/0��@no	
W23rW"D7T

.
(.LD'&()*��\����̧�@

,
q8L

2u�lmH=��WUV(�XYV��.IqA
,
lmH=���ELH=����KLW�(
���W3v(�q%W#$�

.
H=����KLW

=�F!lmH=�����(�1����@
,
no	


WH=D@�L8F!q%�HID
,
v��QA��

�WJK(�
.QA���@

,
QA������A��

.
QA���

@
,�lm,lmno	
�UVFe,no	
WH=A F!��A��%JK(�1.>?�NOF����V

,
�

(2)
�¼A �r8"!

�%(�
.
JKS\/0,��,UQA���@,±h�ST�J�Br8�

:
BC�D�����Rt
����

{|�D���UQA���−/0QA���
E�D�����Ra
����
�¢D

,

Rt = (F11 · · ·FNM(N))

Ra =

(

F11 · · · FNM(N)

P1 × F11 · · · PN × FNM(N)

)

.

QA���W�!�%
,'&()*�\��� D!*,*@±h�ST�F�:

•/0(��)H=���EL/0(��)vw���E/0(��)lmvw���X�C!���23Va�D�% 
,/0(��)u C"'&()*W�\���

.
1FGHI, JKLMNOPQRS, TU, VWXYZ[\]̂_àbc

, dèabfĝ̀abQhZijk
.
jlj

,
KLMNOPZ[km

,
_̂̀abcnopQhfqrjsijtuk

.
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-18:
�9�$��Z�%�

•/0(&')
vw()*E/0(&')
lmvw(

)*EL
,/0(&')
H=()*X%C!()*
23Va�D+,-

,/0(&')u-�D'&()*W�\��.
.

•/0(&')
H=()*EL/0(&')
lmH=

()*X%C!()*23Va�D, ;/BC({|
)
�D���0123456

,/0(&')
(.

LD'&()*W�\��..

7+
, critical transition
@±h7'(C!()*23Va�D+no	
23A8.

:

•/0(&')
lmH=()*EL/0(&')PQ()*X%C!()*23WATno	
23

•/0(&')
lmvw()*EL/0(&')PQ()*X%C!()*23WATno	
23

2.7 9:;<=>�?@A
q%�A@

,-18
7'(�9�$��W����W
�B$��D+�W'(.�+I@2&¡A8.V,��@

3&¡45CA��8$B..-18
%Dno

	
%h%¶E@
,
>EL/0H=,/0vwF/0PQ

, &'H=, &'vw, &'PQ,/0QA, &'QA()*¶W (
.
+¢D	


C, F
@lmno	
A

8\
,
¶E@/0lmH=,/0lmvw,/0lmPQ

, &'lmH=, &'lmvw, &'lmPQ,/0QA
, &'QA()*W (.7+4�-GH@critical

transition
W (

.

(1)
%23A@

,/0, &'H=()*VI8�81FGD
,/0, &'vw()*VI8�81DED$B.q,S\

,/0, &'u-C$'&()*2V�\��L8.
.
q%&'vw()*@stuIA8.q,S\

,
rL7&'u-C$stuIA8.q,V�E..

(4), (7)
%23A�

,
Hw%()*%�BV�L8.+

,̧/0, &'(stuI)u-C$'&()*V�\��L8.
.

(2)
%23A@

,/0, &'H=()*VI8�82FGD
,/0, &'lmH=()*VI8�82DED$�\
,
Eu/0, &'QA()*VI8�81DED

2IJQKfLMNQOPQRS]YTZUV.

$B.q,S\
,/0, &'(.LD'&()*3V�\��L8.

.
qqA@

,
rL7/0, &'vw()*VI8�8

1
FGD

,/0, &'lmH=()*VI8�8
1
DE(.�BV9L8.V

,
q8@(.LD'&()*7�WD$a�D+23A8.

.Hw7
(5)
%23A�

,/0, &'H=()*VI8�8
1
FGD

,/0, &'lmH=()*VI8�81DE(.�BV�L8.V
,
q%)*&'QA()*%9V

1
DED$B.+̧

, &'(.LD'&()*%9V�\��L8.4.

(3)
%23A@

,/0, &'H=()*VI8�82FGD
,/0, &'H=()*VI8�82DE(.�B�9L8

,&%'&()*%C2A8.,�FW..7+
,/0, &'lmH=()*VI8�81FGD,
/0, &'vw()*VI8�81DED$�\,I8
±X%�BV9L8FBq,EL,q%23@critical

transition
A@FBq,V�E.

.DED
(6)
%23A@

,/0lmH=()*V1FGD
,/0PQ()*V1DED$B.q,,
�S�&'lmH=()*V

2
FGD

, &'PQ()*V2DED$B.q,EL
,
q%23@

critical transition
A8

.q,V�E.
.

3 YZ[\]̂_̀abcdefg
hijk
?�A@

, &'(lt�mAuFV8+>?%n�7XY,F.
,
(lt�mo�psWqr7S\sJt.1�W��t.

.(lt�mAuFV8+>?%n�7�t.uv,D$
,�wTMason
@-19

7xt
6u%(lt�m%yFlzW5.

, position/force hybrid
%&7S\I

8L%>?Wn�t.1�W��D$B.
[26].
7+

(lt�m%y,�S�!Flz7�D$@{|}7�B$~a7uvr8$B.
.DED

,
I%STF>?%n�%̀7XYRN�A8

.(lt�mo�psW,]5V���A wF�8TFLFE6+.
I%<�

,
I%STFn�W�qFT�

3IJQKfLMNQKPQRS]YTZUV.
4(2)

Q��fLuI
,����F�oo�,��c�WZ�F�o]�flp

,
RS��pj����N��I�\pomkuk



��������

���	�
 ���	�
���

�
�����

����
���

��
��

�
19:����

�/mu����%��W��7D$B+.
IqA?

=@A�
,
qr7S\&'(lt�m%o�ps(&'�% -!&'C")#,-t.$�#��t..;̀7

, 3
�¡m�/)��#�B$%&'%o(p)#s*t.$+�8,-./0&$1'2,./0&$B.3+4o(p)%5678.&'C"#89.%:78-

[27, 28], &'�% -#s*t.$+�;<%=.>-./0&$B?B
.

%@7;<�
,AB#CDE3�Fm(/GH�%IJK'

, &'(lLHm%o(pM)%s*#NO3+
#./t..PQR73
�Fm(/GH�%IJK'
(lLHm7S?T&+2
S%UQ%VWXYZ[T
\'&$B.4%,t.

.]̂_7�AB�̀abcHdLe78.,f*t.
.

3.1ghi

2
UQj%Z[kXT

3 × 3lNNmΘ7n0&$B.,t.
.
%%Z[kX�

,
8.&'�n&-7θ
(

ocH&'p+4%,nqplt@,T7-..]̂_7�
, &'r%sWt|θ|#NmΘ%u-078.,p

,
%&#||Θ||

,nt
.

2
S%UQ

A, B
T

, &'olLHm7v-wx0&yz{|t{
.]̂_7�,UQBK':}UQA~VWXYZ[
Bqi

A = (Bti
A, BΘi

A)
T

3
�Fm(�GH�b�����v-\'&}|�

,��olLHm~o(p)#s*t{$+#./t{.}Ep, Bti
A

�V
WXY#nt3
�F��m�

, BΘi
A

�VWZ[#nt
3× 3lNNm7�{|t{.�m~��#�'�tk�

i (≥ 1)#,�����y��~���~_�|pynq�{@|4�{
.

3
�F�(�GH���v-\'&}VWXYZ[
���AB#CD7z{.%@7̂qi = ( ˆBti

A, ˆBΘi
A)
�

��?
(�*0&})VWXYZ[, ∆qi = (∆ti, ∆Θi)���?4~|�(�GH��v-\'&}4~|~B#n�4~|�{.

3.2 ¡¢£¤¥¦§̈©ª«¬

3.2.1®̄°

��o±LH�~²(³)́,wx0&}UQA, BK'µ}��¶~·�Al
|

Bl,
UQ

A, B
K'µ}��¹̧~XYAc
|

Bc
K'?{

.
}Ep

|Al| = |Bl| = 1Tº-»¼yz{4~|�{.
��o±LH�~²(³)|wx0&}UQA, B~VWXYZ[~j�́,�½y~i�Wpy¾(9)
|

(10)
�¿�ÀÁTº-»¼yz{.

Bl = BΘ̂i
A

Al (9)
Bc = BΘ̂i

A
Ac + B t̂i

A (10)

3.2.2ÂÃÄÅÆ®
,2��¶~·��À�{²(³)Al, BlÇ¾(9)

ÇÈzy�*�{É+Ç./�{.¾(9)
Ź[ABÇn��

∆ΘiÇÈzy¾(11)~vO�Ê�l�@|T7�{
.

Bl = ∆Θi BΘi
A

Al (11)
,2Z[AB~�∆ΘiÇ,¾(12)
�¿�

2
S~��Nm~Ë(1.��¶li�-�θ2i

(ocH��, 2.��¶
Bl�-�θ1i

(ocH��)7n�4~|�{.
∆Θi = R(Bl, θ1i)R(li, θ2i) (12)

��NmR(l, θ)�́�¶l�-�θ(ocH��p}4~Çnpy1-,�½y~i�1zy, Bl · li = 0
T

º-»¼yz{4~|�{.¾
(12)Ç¾(11)
�ÌÍ�{@|�v-

,
¾

(13)
T

\'&{
.

R(Bl, θ1i)
T Bl = R(li, θ2i)

BΘi
A

Al (13)

¾~ÎÏ��}{�R(Bl, θ1i)
T Bl~t́, θ1i~t�À�'25*7�{.@&́,��¶Bl�-~��T

AB�v{4~KÐOKÇÑÒ7�?z@|ÇÓÔpyz{
.
@@7́

,
Z[AB~�∆ΘiÇÕÖ×�{}9

, θ1i = 0
7�{|�{

.Ø�
, BlTÇ¾(13)~ÙÏ�ÚÛK'KÜ{@|�v-

,
¾

(14)Ç\{.?1,ÝÞÇßà��{}9, θ2i

Çá9yθi

|ÝÞ�{.
R(−li, θi)

BlBlT = BΘi
A

AlBlT (14)

¾
(14)~ÎḮ,¾(15)~vO�Êâ@|T7�{.}Ep

,

[(x, y, z)]× =







0 −z y

z 0 −x

−y x 0







,́
z�ã{ä:WåNm|æç&{4~7�{.
(I − sin θi[li]× + (1 − cos θi)[li]

2
×)BlBlT (15)



������{@|�v-
,��~¾Tº-»S@|T��7�{

:

Tr(BlBlT ) = 1

Tr([li]×
BlBlT ) = 0

Tr([li]
2
×

BlBlT ) = (Bl · li)
2 − 1 = −1

@��ÇÈz{@|�v-,¾(16)
T\��{

.

Tr(R(−li, θi)
BlBlT ) = cos θi (16)

@~IJ�v-,;<́Õ	×�	p}
�À�Ç3�z�{@|T7�{
. 1 − cos θi

TÕÖ|?{|�
,
Z

[AB~�~u�0||∆Θi||,
S,-

|θi|~t́ÕÖ|?{@|K�
,��Õ	×3+ÇÈzy¾(17)~t
ÇÕÖ×�{@|�v-,²�³�Al, BlÇ�*�{@|T7�{

.

∑

i

(1 − cos θi) =
∑

i

(1 − Tr(BΘi
A

AlBlT )) (17)

Ø�
,�*0�}VWZ[BΘ̂i

AÇ
���{É+ÇÞ½{

.
@�́

3
ØF����BΘi

A
Al
|

Bl~�ËÇÈz{@|�v-
,
ßà����{@|T7�{

.Õ��
,��̧¹�À�{²�³�Ac, BcÇ¾(10)

ÇÈzy�*�{É+Ç./�{.¾(10) ,́
XYABÇn��∆tiÇÈzy,¾(18)~vO�Ê�l�@|T7�{

.

∆ti = Bc − BΘ̂i
A

Ac− Bti
A (18)

@��~²�³�́ÕÖ��+ÇÈzy�*�{@|T7�{
.PQR�́,¾(19)Ç�Üçvz.}Ep

Ai =
(

−BΘ̂i
A I

)7�{
.

(

∑

i

AT
i Ai

)(

Ac

Bc

)

=
∑

i

AT
i

Bti
A (19)

?1��̧¹~��É�́���T��{}9,Nm
∑

i

AT
i Ai

�́2p4��7�{|́>�?z
.�@7

;<́� t!�ÇÈzy@~É"¾Ç�zyz{.

3.3#$%#&

3.3.1'(
@~)7́,��~�*~É+�SzyÞ½{.�*��}¼y,Ø�¿�2S~+,Ç�-�{�.T�{

:

•��¶1v�Z[ÇÐ~vO�²�³�×�{K?
•
Ð~vO?��Õ	×ÇÈz{K?

1
�/~+,�Àpy,;<́��¶~·�Ç012nqÇÈzy²�³�×p}.PQR�, Al, Bl
²́

�³�
p, q, r, sÇÈzy¾(20)~vO�n�@|T7�{

.

Al = (sin p cos q, sin p sin q, cos p)T

Bl = (sin r cos s, sin r sin s, cos r)T (20)

,}Z[Ç3M�4�56MnqÇÈzy²�³�×p}
.PQR�, BΘA

²́�³�
α, β, γÇÈzy¾(21)

~vO�n�@|T7�{.}Epcα = cosα, sα =

sin α, cβ = cosβ, sβ = sinβ, cγ = cos γ, sγ = sin γ
7

�{|�{
.

BΘA =

(

cαcβ cαsβsγ − sαcγ cαsβcγ + sαsγ

sαcβ sαsβsγ + cαcγ sαsβcγ − cαsγ

−sα cβsγ cαcγ

)

(21)@��~nqÉ+́zâSK~� 7Ç8py1-,��T��Õ	×�1Ü{9:Ç;<��{��T�{
.
pKp����=ÇN¼}IJ,�~vO?+,́µ��?K¼}.

2
�/~+,�Àpy,;<́��Õ	×3+|py>?@A+ÇÈz}.?1,>?@A+�1Ü{BC�

Alin, BlinÇ��~vO?3x�ÇDyE*p}:
1. ||BΘi T

A
BΘj

A||~
tTF!π

2

�Gâ?{vO?
i,

jÇ�H.
2. Alin~tÇR(Alin, θ) =B Θi T

A
BΘj

AÇ
�â@|

�v--*�{
.

3. Blin~tÇBlin =B Θi
A

AlinÇÈzy-*�{.
?1

,
¾

(22)ÁB~?zIJ7́��º»pyz{.
BΘ̂i T

A
BΘ̂j

A
Al =A l (22)

@~¾v-��NmBΘ̂i T
A

BΘ̂j
A�́
�¶

Al
,�-~

��Çnpyz{|zK{.

3.3.2LMNOPLQR'S
�́9�

,
bTUVMb±H�=�1zy,Wt|�*tÇ���XY�{@|�v-,;<~./3+~�Z
�ÇN¼}.]�=~/Ŕ��~|1-7�{:

•
;<~./3+|[~3+|~�ZÇXY�{

•
E*\]|�*̂_~ÀÁÇ̀½{
���

,
;<́���¿�É+7,bTUVMb±H�=ÇN¼}:

1.
	a���o±LH�~²�³�ÇE*�{

2.
E*0�}²�³��b¼y,��?VWXYZ[~mÇ�º�{

3.
�º0�}VWXYZ[~m�dLeÇcK{

4.
dLeÇcK}VWXYZ[~m�Wpy,²�³��*3+Ç	È�{



n
1:
./3+|[~3+|~�Z
�

Al
�Àpy�*0�}t|W~t|~B�����

A ����
-��	
��(����)�(����)

[deg] [deg]

45[deg] - 50 3.857 (2.104) 1.330 (0.6914)

45[deg] - 100 3.800 (2.157) 0.9352 (0.5167)

45[deg] - 200 3.884 (2.143) 0.6989 (0.3877)

90[deg] - 50 2.128 (1.120) 0.6916 (0.3455)

90[deg] - 100 2.053 (1.147) 0.4881 (0.2552)

90[deg] - 200 2.077 (1.132) 0.3485 (0.1891)

180[deg] - 50 1.999 (1.117) 0.3951 (0.2000)

180[deg] - 100 2.051 (1.177) 0.2690 (0.1424)

180[deg] - 200 2.044 (1.130) 0.1904 (.09464)

Bl
�Àpy�*0�}t|W~t|~B�����

A ����
-��	
��(����)�(����)

[deg] [deg]

45[deg] - 50 3.909 (2.122) 1.329 (0.6838)

45[deg] - 100 3.741 (2.157) 0.9411 (0.5109)

45[deg] - 200 3.862 (2.126) 0.6904 (0.3826)

90[deg] - 50 2.096 (1.199) 0.6890 (0.3474)

90[deg] - 100 2.051 (1.158) 0.4929 (0.2558)

90[deg] - 200 2.060 (1.134) 0.3397 (0.1907)

180[deg] - 50 2.058 (1.151) 0.3818 (0.1970)

180[deg] - 100 2.048 (1.170) 0.2701 (0.1468)

180[deg] - 200 2.042 (1.151) 0.1934 (0.1010)

5.�*0�}²�³�|W~²�³�ÇXY�{
���

,
��¿�����Ç1000��-�pNO@|�v-�Z
�ÇN¼}.,2dLe~cKÉ�SzyPQR�Þ½{.���¾

(23)
�b¼ydLeÇcK}.}Ep∆t, ∆Θ
´

����XY,Z[�À�{dLe7�{.
Bti

A = ∆t + B t̂i
A

BΘi
A = ∆Θ BΘ̂i

A (23)

∆t~u�0́, 0
K�

10[mm]~j~5�!��b¼y�H���-�p}
.
4��D

∆t~·�́,�H���E�py�{
.
Z[�À�{dLeÇn��∆Θ ,́¾

(24)
�b¼y�ºp}.}Ep∆θ 0́
K�

5[deg]

~j~5�!��b¼y�H���E�py1-,,}
l
4�H���E�p}

.

∆Θ = R(l, ∆θ) (24)

,2
,
;<~./3+|[~3+|~XYÇN¼}.@@7́
,]3+~̧¹R�,7�{��¶~·�~
��~̂_��/py�ZXYÇN¼}.XYW�|pyØ~vO?É+(� ,3+A|ÝÞ�{)Ç�DE

:��́||BΘi T
A

BΘj
A||
T7�{EÜπ

2

!�}
2
S

~VWZ[BΘi
A, BΘj

AÇ
Èzy��¶Ç���{É+7�{

.�K�
,
3+

A
�v¼y\��}��¶~·�~"#Ç|{@|�v-,0��$z��ÇNO@|́%Z

n
2:
E�\]|��̂_~ÀÁ

Al
�Àpy��0�}t|W~t|~B

50 100 200���
(����) (����) (����)

[deg] [deg] [deg]

45[deg] 1.330 0.9352 0.6989
(0.6914) (0.5167) (0.3877)

90[deg] 0.6916 0.4881 0.3485
(0.3455) (0.2551) (0.1891)

180[deg] 0.3951 0.2690 0.1904
(0.2000) (0.1424) (.09464)

Bl
�Àpy��0�}t|W~t|~B

50 100 200���
(����) (����) (����)

[deg] [deg] [deg]

45[deg] 1.329 0.9411 0.6904
(0.6838) (0.5109) (0.3826)

90[deg] 0.6890 0.4929 0.3397
(0.3474) (0.2558) (0.1907)

180[deg] 0.3818 0.2701 0.1934
(0.1970) (0.1468) (0.1010)

7�{K4=�?z
.
pKp�~�S2S,-&'(j�1Ü{)Ç�*�{�.T�{.+,R�&'(j7)Ç�*�{@|́;<7�-,@~vO?���v-\��}IJ~�.R�a�́,���/0?1~7�{

.������¿�9S~\]��2zy�ZXYÇN¼}:
•
VWXYZ[~3H���: 50, 100, 200

•��r: 45[deg], 90[deg], 180[deg]

n
1
�XYp}IJÇ¿�.@~nK�,;<́Ø~vO?45Ç\}:67;<
~89:;́:;A�â�½y�ZT$z.a<~@|7́�{T

,
:;

A~��̂_́��rTπ
2
���?{|=>�?â?{

.6}3H���~@c�Wpy��̂_~·�T6¼}â:��?z.���Wpy;<~:;7́,3H���,��r~@c�v-��̂_~·�Tµ��{.Ø�
,
E�\]|��¶~·�~��̂_~ÀÁ�SzyÞ½{

.]�=71,A|B�9S~\]�7,��̂_|~ÀÁÇ̀½}.n2��~IJÇ¿�.@
~nK�,;<́Ø~vO?45Ç\}:��r�XCpy²�³�~��̂_T·�pyz{,S6-��rT

2D�?{|��AB~"#2v�EFGB́H!�?{
.6}��̂_~2�T3H����XC�{,S6-3H���T4 (= 22)D�?{|��AB~"#2v�EFGB́H!�?{

.
@~IJK�,��r

~ÖIz��o±LH�~²�³���́;<7�{|ÎJÜ��{
.
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:
21��~�H5

3.3.3'������'S
–
OP	OR
��R�������–
���

,
�UQÇÈzy��o±LH�~²�³�~
��ÇN¼}.]�=�́,�20
�¿�21��~�H5Ç�=�Èz,���¿�:���=ÇN¼}:

1.
�H5~�²M�j~�_ÇkK�T�,�~3ØF�IÇVM�VHo��LH�(]�=�́,���Td���M���H���¾ !"~Vivid

910ÇÈz})ÇÈzy#���$�{

2.
�H5Ç%º�{2S~²M�~O�~1SÇ,	a�

2&~VHo�M�j�'Y��(ÇNO

3.
'Y��(I�}

2&~V)o�*�j~+!(>�pyz{,!|�-��z,!)Ç|{.|�v-����~²*�Ç/��×�{(�2101)
4.
�ºI�}/��ÇÈzy, 22~²*�~34'YZ[~mÇ\{

5.
\��}34'YZ[5�

,��o±6)�~²�³�Ç���{
'Y��(�́

3
Ø7�)�V*�8�5)�;[29]

ÇÈz}..�́z�ã{Iterative Closest Point
;

[30]~+9��{:,;<2�ÕÖ��;ÇÈz{.|�v-
,=+�3>����{|z-�?:�{.�

21
��)5~����~²*�Ç/�@)�p}ABÇ¿�.,!C��pâ²*�!ÜI�yz�z|.�:�{:

(
�̧~DE�F6�},!), 3
Ø7�

)�V*�8�5)�;ÇÈzy34'YÀÁ~mÇ\{�́F!�/��×��{
.���

,
.~�)5~��ŕG30[deg]
��{~�,

��́���<pz|4K��{.�22
���ABÇ¿�

.
�̧~Hz:��I�}��¶Ç¿�.

3.3.4'������'S
–IJOKL
QR������–
.~)�́,��VMNo±)ÇÈzy,��o±6)�Ç12�OP~²�³�~��ÇQ¼}.R)�Èz}21��~�)5Ç,��VMNo±)ÇÈzy���S)��{~́���;<��¼}}T,U�́�
23
�¿�

Lego~²*�ÇÈz}.

VWXYZ[\Z]̂ _̀a]bcd]XeZ

�
21:
²*�~/��×

��VMNo±)~̂_~ÀÁ�,���S)�~}T����²*�/��́�.�z|fgp}}T,
CAD
b���ÇÈzyu65�²*�/��Ç�ºp}

.
�2���S)��́,RÞ~3Ø7�)�V*�8�5)�;[29]ÇÈz}.�
24
���ABÇ¿�.�̧~Dz:��I�}
��¶Ç¿�.�̧hi~²*�(�23
�2zyHi

~OP)�Àpý,XYC�����¶~·�,'j|1���I�yz{|kK{.p5p�̧li~²*�
(
�

23
�2zyDi~OP)�Àpý,�6-�����|́kz:}z.mńop~=+Çqrbc)d6e��{|f�p}:

,
���~f�́�pâ�z}T

,��̂_:?â�¼}|4K��{.}sp,
+,C�op~=+!�ÇAµC�t$�{.|́���;<��{.|Ç4u��ç,$â����yz{|4K��{

.

4vwx
yz{�́

,
��VMNo±)b����v{|5
Ç��y,}PÇ~{�2,�PC�́���¿�22
~�2Ç���{É;Ç89p}...�z-��|

,́
�2~��×2v����@T���m�~k�Ç��
.

• 2�'POPÇÈz}�<»y�2

•��o±6)��v¼ywxI�}@)�Ç~{�2
yz{�́

,����Ç�T}op�v{�<»y�2��~É;Ç89p}.67,[2]
��*I�yz{�

���_Ç,����Ç�T}����p,������{}T~É;�2zyÝÞp}.I���2��~�Çá��{}T�,��¶�À�{����_Ç�*p}
.



Top View

Side View

�
22:��o±6)�~²�³���~AB

Ø�
,
��n�{����_~����/�,�<»y�2ÇÝÞ�{���.�%�|�{3��S�,2���<»y�2~�Q�,;.��6)�|�{

critical transitionÇ�*�,��~w�I	��:
K��}|�����Ç���{É;Ç¿�}.���
,
��6)3*�±)���	È�}CÇ¿�}

.
��6)3*�±)��~�-�,�n�w�I	:��{�<»y�2ÇK{.|5�,y:;́�â~�<»y�2�4�y8���{|mń4Kyz{
.I��yz{�́

,���±6)���¼ywxI�}
22~OP~34'j��5����±6)�~²�³�Ç���{É;�2zy89�}.�~�,34'j��́

3
Ø7���S)��������¼y�
��{1~|�,��~=+(qr��)!���{|���}

)
:�6�yz{1~|�}.
67,���±6)��2zy,²�³�|34'j��~�~�:Ç�¾×�}.��ymn:�*�}
�À�ÇÕÖ×�{.|��-²�³���ÇQ-

�
23:
���S)�~��

É;Ç89�}.Ø�mń�TUV*�±)�=|�OPÇÈz}�=Ç��y89:;~�Z
�ÇQ¼}.�TUV*�±)�=�́,y:;~��C���Ç¿�}.����-
,
y:;́��̂_:����XC�yz{.|

,
2����̂_~2�:3)����XC�yz{.|Ç¿�}.�~AB́��Co75�<y�a�1~��¼}.��
�2y��́ {!"!�#$%&��'(��(C)),�*

15017222+� ,»Q-;.!./0123%456CREST
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